An analytic expression for the integrated Ha optical depth profile is derived for a one dimensional slab geometry model chromosphere, with electron temperature increasing as a power law with height. The formula predicts Ha opacity and profile width to be sensitive functions of the thermal gradient. Application of the model to observation reveals that broad Ho absorption widths in G and K giant stars are consistent with a mean Ha chromospheric optical depth of 50, while narrower widths in M stars indicate slightly lower opacities. It is proposed that differences in Ho width between late-type giants of similar spectral type may be due, in part, to differences in their chromospheric thermal gradient, and associated Ha opaci ty.
I. INTRODUCTION
Studies of the Ha absorption width in late-type stars have been pursued by various workers. Kraft, Preston, and Wolff (1964) Fosbury (1973) and Reimers (1973) indicated that the Ha width is comprised of thermal and non-thermal Doppler velocity components: the former providing a lower limit to the width in dwarfs, the latter responsible for the width enhancement in giant and supergiant stars.
A commonly evoked assumption in the above studies is that Ha chroma spheric Doppler width is a constant function of height. However, neglect of depth variations in this parameter is overly simplistic in view of the fact that, associated with a general chromospheric temperature rise, there is a corresponding increase in atomic hydrogen thermal velocities. For example, in the case of the solar chromosphere, mean hydrogen thermal velocities range from approximately g km s (at the temperature minimum) to 13 km s in the coronal transition zone (T -10* K).
The existence of thermal and, possibly, non-thermal velocity gradients (cf. Eriksson 1980) necessarily implies a depth dependence for the total hydrogen Doppler width.
Moreover, depth variations in temperature will influence the hydrogen excitation state at different levels in the chromosphere and, in particular, the height distribution of the non-LTE level 2 population (Thomas and Athay 1961) . 
where p= un m , and ji = 1.4 for a 10% helium composition.
H
On the above height scale, the upper boundary of the slab corresponds to m = 0 and the lower boundary at m = m^.
We parameterize the chromospheric temperature rise (and associated thermal broadening velocity) by a power law funct ion of m
where the exponent a is a free parameter to be determined from observation (d III) . Note that for a > 0, T increases for m decreasing, becoming infinite for m=0. The situation of constant chromospheric temperature corresponds to , infinitely large a. In addition, we incorporate a chromospheric microturbulent velocity (V tn v) to account for random non-thermal mass motions occurring on length scales smaller than a photon mean free path (Edmunds 1978) .
For simplicity, we follow Thomas (1973) 
where V. t denotes the value at T^.
b) The Hydrogen Level Two Population
In the region where Lyman continuum optical depth is >.
100, Lya opacity is sufficiently large to drive hydrogen levels 1 and 2 into radiative detailed balance. Under these circumstances, it can be shown that the departure coefficients for these levels are approximately equal (b t b a ) and the corresponding non-LTE population ratio (n a /n 1 ) follows closely the LTE Boltzmann relation (Thomas and Athay 1961) . Furthermore, if hydrogen is less than 50% ionized its ground state population can be equated approximately to the total hydrogen density (n R ).
According to these assumptions, we infer n a = (n^/nj) n x = (n a /n t ) (b a /b x ) n t i.e.. n a ~ (gj/gi) exp(-X la ) n fl ,
where g a /g x = 4 and X la = hv la /kT is the Lya excitation potential in units of thermal energy.
(Asterisks denote LIE value s) .
Differentiation of the logarithm of equation (4) with respect to z yields 31og n a /3z = 31og n H /3z + (X la /T) 3T/3z .
For a steep chromospheric temperature rise ( dT/dz >> 0), this relation implies that an outward decrease in n aarising from a hydrostatic density gradient in n -can be 11 partially compensated by increased T. This behavior is borne out formally in the following calculation.
Assuming hydrostatic equilibrium, we can formulate momentum conservation as gm = l.ln^kT + O.Sn-jjim.. V. * (g: surface gravity), n n n t ur D
where the left hand term corresponds to the weight of chromospheric material at height m, and the right hand side represents the sum of partial pressures in a perfect hydrogen (and 10% helium) gas containing turbulence. We employ equation (6) to eliminate n_ from (5), and utilize n relations (1), (2) and (3) to express the z derivative of n a in terms of m, p, and a. Thus, 31og n a /3z = (p/ma)(X la -1 -a) .
In order to ensure that n a be monotonica1ly increasing with height, we require that a < X la -1, which (for a representative T = 6000 K) implies a < 19. Therefore, a sufficiently steep temperature rise (small a) can effectively counteract a density gradient in n a and enhance the n a chromospheric column density above its isothermal value.
c) Calculation of the Ha Optical Depth Profile
We represent the Ha line absorption coefficient by a gaussian profile. This approximation is valid provided that Ha photon transfer is confined primarily within three to four Doppler widths of line center (Fosbury 1973 Substitution of expressions (1), (2), (3), and (4) into (8) yields
where a = (hv la /kT t ) + (AV/V d% )* (9a) and K = (n l/2 e»/me)(f a ,X a ,/urn )(g a /g ± ) = 1.07 x 10 13 (Allen 1973) .
Note that, following elimination of n_ via (1), the n variable of integration is transformed from z to m. The above integral is reduced to more tractable form by a second change of variable to u = a(m/m 4 ) . Thus, a T AV = (K a n < /V ds ) a~a~1 /2 J u a~1/2 exp(-u) du° (10) or, equivalently, T AV = (K a »*/V d< ) a~°~1 /2 y(a+l/2.a) .
( 11) where y(x,a) denotes the incomplete gamma function.
For AY > 0 and T, < 4500 K (appropriate to giant stars later than about spectral type GO), equation (9a) 
where I"(x) is the complete gamma function. For a > 26 and a < 19 (a II b ), we find that the expansion terms in (lla)
can be neglected relative to T(a+l/2) with an error of less than 3%. Hence, we obtain the following approximation for the integrated Ha opacity profile T AV = (K a m < /V d0 ) a~a~1 /2 T(o+l/2) .
This formula indicates that Ha chromospheric opacity is directly proportional to the mass column density at the temperature minimum or, equivalently, the chromospheric "thickness."
It is important to recognize that in the upper and considerably hotter chromospheric layers (T > 7000 K),
where hydrogen is greater than 50% ionized, the Lyman continuum optical depth approaches unity. In this region, it can be shown that n a no longer follows the psendo-Boltzmann relation (4) 
where the constants of proportionality are derived from solar values of g, T »., m^, and T^ (Ayres et al. 1976 ).
Utilizing these expressions in (12) and (13), we compute the variation of H 0 with respect to a for a sequence of giant stars of representative spectral types GO, 65, KO, K5, and HO. Gravities and effective temperatures (see Table 1 ) employed for the calculation are obtained from Allen (1973) . Figure 1 illustrates the resulting curves for a in the range 6 < a < 18.
Examination of this diagram reveals the following We bin Ha width measurements of KPW according to the following criterion. Giants falling within + 2 sub-divisions of the reference spectral types in Table 1 are considered to be of approximately equal T . f . Thus for C £ I example, G3, G4, 65, G6, and G7 are treated as GS.
Similarly G8, G9, KO, Kl, and K2 are grouped as KO and so on. Each width point is then plotted on the appropriate spectral curve in Figure 1 , at its corresponding value of H 0 .
This procedure allows a graphical solution for values of a and T O that produce consistency between our model and observation.
For the plotted sample of 24 stars, we infer the range 9 < o < 12; with cooler giants tending to require smaller a relative to hotter giants of the same H 0 .
It is instructive to compare the above constraints with results of radiative transfer calculations. Table 2 lists the quantities T^, m 0 , and m 0 derived from studies of Table 2 . Given the approximations implicit in equation (13), and the uncertainties associated with the boundary temperatures and densities in Table 2 , we find reasonable overlap between the range of computed exponents and the range deduced from Figure 1 .
However, it should be emphasized that temperature-density profiles in late-type stars do not follow simple constant-exponent power laws, but characteristically display a temperature gradient that is variable with height (refer to Linsky 1980 and references cited in Table 2 ). For the case of the solar chromosphere, Athay (1981) has demonstrated that height variations in plasma radiative properties (e.g., changes related to a switch from continuum to spectral lines as the dominant radiative loss mechanism) can lead to perturbations in the chromospheric temperature gradient.
In view of the above caveat, the a exponent inferred from equation (13) should only be interpreted as a parametric (rather than definitive) description of the chromospheric temperature gradient required to produce an observed Ha width. As an application of this formalism, we use empirical Ha widths to delimit the T 0 parameter. With the aid of equation (12), we connect the spectral curves in 
IV. CONCLUSIONS
The Ha absorption profile is not normally considered to be a useful diagnostic of chromospheric thermodynamic conditions in late-type giants (Fosbury 1974) . Cool low gravity stars are characterized by relatively small 9 ~3 chromospheric electron densities (N 1 10 cm ) that 6 guarantee radiative control of the Ha line. In other words, the Ha source function is essentially uncoupled from chromospheric thermal structure and is, instead, dominated by fixed photospheric Balmer and Paschen radiation fields (Gebbie and Steinitz 1974 Finally, it is important to realize that chromospheric velocity fields in the forms of microturbulence (Fosbury 1973; Eriksson 1980) , macroturbulence (Smith and Dominy 1979) and stellar winds (Mallik 1982 ) are known to profoundly influence the widths of spectral lines such as Ha in late-type giants (and supergiants). Clearly, further detailed calculations are required to determine the extent to which these dynamical processes combine with opacity effects in governing the behavior of the Ha profile. 
